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Abstract
In this paper we improve and generalize the results of two earlier papers of Skillicorn. The
maximum (minimum) number of blocks in a directed (v; 4; ) packing (covering) designs are
completely determined. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let v; k and  be positive integers. A transitively ordered k-tuple (a1; a2; : : : ; ak) is
de7ned to be the set {(ai; aj): 16i¡ j6k} consisting of k(k − 1)=2 ordered pairs.
A packing (covering) design with parameters v; k and , denoted by (v; k; )-DPD
((v; k; )-DCD), is a pair (X; A) where X is a v-set (of points) and A is a collection
of transitively ordered k-tuples (called blocks) of X , such that every ordered pair of
points of X appears in at most (at least)  blocks of A. If no other such packing
(covering) design has more (fewer) blocks, the packing (covering) design is said to
be maximum (minimum) and the number of blocks in a maximum packing (mini-
mum covering) design is called the packing number (covering number), denoted by
DD(v; k; ) (DC(v; k; )). Let
DU(v; k; ) = (v=k)(2(v− 1)=(k − 1)
and
DL(v; k; ) = (v=k)2(v− 1)=(k − 1)
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where x denotes the greatest integer y such that y6x and x denotes the least
integer y such that y¿x. Then simple counting arguments show that
DD(v; k; )6DU(v; k; ) and DL(v; k; )¿DC(v; k; ): (1)
In [12], Skillicorn discussed the numbers of DD(v; k; 1) and DC(v; k; 1). He also
developed many other results including applications of directed designs to computer
network and data Fow machine architecture. In a subsequent paper [11] (see also [9]),
Skillicorn proved the following result.
Theorem 1.1. If v ≡ 1 or 2 (mod 3); or if v ≡ 0 (mod 3) and v¿35781; then
DD(v; 4; 1) = DU(v; 4; 1):
Further, he proved in [13] that
Theorem 1.2. If v ≡ 0 or 1 (mod 3); or if v ≡ 2 (mod 3) and v¿34 835; then
DC(v; 4; 1) = DL(v; 4; 1):
The purpose of this paper is to improve the results in Theorems 1.1 and 1.2, and
complete the determination of the numbers DD(v; 4; ) and DC(v; 4; ) for all ’s. In
particular we will prove the following theorem.
Theorem 1.3. For all positive integers  and v; v¿4; we have DD(v; 4; )=DU(v; 4; )
and DC(v; 4; ) = DL(v; 4; ); except for DD(9; 4; 1) = DU(9; 4; 1)− 1.
Throughout the remainder of this paper, a maximum (v; 4; )-DPD is always assumed
to have DU(v; 4; ) blocks. Similarly, a minimum (v; 4; )-DCD is assumed to have
DL(v; 4; ) blocks. Theorem 1.3 will be proved through the use of constructions of
maximum (v; 4; )-DPDs and minimum (v; 4; )-DCDs.
Our constructions will involve a number of auxiliary designs. For the standard
design-theoretic terminology such as group divisible designs (GDDs), balanced in-
complete block designs (BIBDs) and transversal designs (TDs), the reader is referred
to [3,6]. By (K; )-GDD we mean a GDD with block sizes from K and index , when
K = {k}, we simply write k for K . As usual, we use the ‘exponential’ notation to
describe the type of a GDD. The notation B(k; ; v) stands for a BIBD with block size
k and index . The notation TD(k; ; m) stands for a TD with group size m, block size
k and index . We will use the following two existence results.
Lemma 1.4 (Hanani [6]). Let  and v¿4 be positive integers. The necessary and
su;cient conditions for the existence of a B(4; ; v) are (v − 1)≡ 0 (mod 3) and
v(v− 1) ≡ 0 (mod 12).
Lemma 1.5 (Abel et al. [1]). There exists a TD(5; 1; n) for every integer n¿4 and
n 	= 6 with the possible exception of n= 10.
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We will also require the notions of (undirected) packing and covering designs. A
(v; k; ) packing (covering) design is a pair (X; A) where X is a v-set (of points) and
A is a collection of k-tuples (called blocks) of X , such that every pair of points of X
appears in at most (at least)  blocks of A. As in the directed case, we refer to the
packing (covering) design as a maximum (v; k; ) packing (minimum (v; k; ) covering)
if |A|= (v=k)(v− 1)=(k − 1)(|A|= (v=k)(v− 1)=(k − 1)):
2. Constructions using DGDDs
A directed group divisible design (DGDD) with block size k and index , denoted
by (k; )-DGDD, is a triple (X;G ;B) which satis7es the following properties:
(1) G is a partition of a set X (of points) into subsets called groups,
(2) B is a collection of transitively ordered k-tuples (blocks) of X , such that a group
and a block contain at most one common point,
(3) every ordered pair of points from distinct groups occurs in exactly  blocks.
The group type (type) of the DGDD is the multi-set {|G|: G ∈ G}. As with GDDs,
we usually use an ‘exponential’ notation to describe group-type: a group type 1i2r3k : : :
denotes i occurrences of 1, r occurrences of 2, etc. Using this notation, a directed
balanced incomplete design (DBIBD), DB(k; ; v), can be de7ned to be a (k; )-DGDD
of type 1v.
The following two results on DGDDs are known.
Lemma 2.1 (Sarvate [10]). Let ; g and u be positive integers. The necessary and
su;cient conditions for the existence of a (4; )-DGDD of type gu are
(u− 1)g ≡ 0 (mod 3) and u¿4:
Lemma 2.2 (Street and Seberry [14]). Let  and v¿4 be positive integers.
The necessary and su;cient conditions for the existence of a DB(4; ; v) are
(v− 1) ≡ 0 (mod 3).
Employing a technique similar to Wilson’s fundamental construction [15], we can
also obtain the following existence result.
Lemma 2.3. For all integers u¿4 and s ∈ {0; 3; 6; 9}; there exists a (4; )-DGDD of
type 12us1 except possibly for u= 6; = 1 and s ∈ {3; 6; 9}.
Proof. For s= 0, the result is contained in Lemma 2.1. Now we assume s¿ 0.
For all stated values of u, except for u= 6 and 10, the construction is as follows.
We 7rst take a TD(5; 1; u) and delete u − (s=3) points from a group to form a
(4; 5; u)-GDD of type 4u(s=3)1. We then give weight 3 to this GDD to get the desired
6 A.M. Assaf et al. / Discrete Mathematics 238 (2001) 3–17
result. The input designs used here are (4; )-DGDDs with group size three which exist
by Lemma 2.1.
For u= 10, start with a B(5; 1; 45) [6] and delete 5− (s=3) points from one block.
This creates a ({4; 5}; 1)-GDD of type 410(s=3)1. Employing the same technique as
above gives the required result.
For u = 6, it is known [6] that a TD(7; ; 4) exists for each positive integer ¿2.
Delete 4−(s=3) points from a group and then inFate each point by 3, using (4,1)-DGDDs
of type 36 and 37 as input designs.
Now we present our constructions for directed packing (covering) designs.
Theorem 2.4. Let u be a positive integer; u 	= 2 or 3. Then there exists a minimum
(12u; 4; 2)-DCD.
Proof. We 7rst construct a minimum (12; 4; 2)-DCD by taking as the point set Z12 and
the following 45 blocks:
(2; 0; 6; 1) (mod 12) (0; 10; 3; 11) (mod 12)
(7 + i; 9 + i; i; 4 + i) (i = 0; 1; 2) (10 + j; 3 + j; j; 7 + j) (j = 0; 1; : : : ; 8)
(k; 3 + k; 6 + k; 9 + k) (k = 0; 1; 2) (s; 6 + s; 8 + s; 2 + s) (s= 0; 1; 2; 3)
(4; 10; 6; 0) (5; 11; 7; 1)
We then take a (4; 2)-DGDD of type 12u from Lemma 2.3 and construct a minimum
(12,4,2)-DCD on each of its groups to obtain a minimum (12u; 4; 2)-DCD.
Theorem 2.5. Let  = 1 or 2 and u¿4 be an integer. Then there exists a minimum
(12u+ 2; 4; )-DCD if a minimum (14; 4; )-DCD exists.
Proof. The proof is similar to that above, with a minor modi7cation. First, we construct
a (14; 4; )-DCD having DL(14; 4; )− 1 blocks and one hole of size 2, that is, a pair
{x; y} where the ordered pairs (x; y) and (y; x) do not appear in any block of the
design.
For = 1, we take a B(4; 1; 13) on Z13 in a decreasing order, that is, the blocks of
this design are arranged so that its elements are in a decreasing order. Furthermore,
we take the following 18 blocks:
(0; 1; 2; 12) (0; 7; 11; 13) (13; 0; 3; 9) (0; 4; 8; 10)
(0; 5; 6; 11) (1; 8; 9; 13) (13; 1; 4; 11) (1; 3; 7; 10)
(1; 5; 6; 9) (2; 3; 8; 11) (2; 4; 7; 9) (13; 2; 6; 10)
(2; 5; 10; 13) (3; 4; 6; 13) (3; 4; 5; 12) (13; 5; 7; 8)
(6; 7; 8; 12) (9; 10; 11; 12)
These 31 blocks then form the desired (14; 4; 1)-DCD on Z14 where the hole is {12; 13}.
For  = 2, we begin with a B(4; 1; 16) on Z16 which contains the block
B = {12; 13; 14; 15}. Delete B and write all other blocks twice — once in some order
and the other in the reverse order. We then replace the symbols 14 and 15 in the
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blocks in which they occur by symbols 12 and 13 respectively. This yields 38 tran-
sitively ordered 4-tuples of Z14 in which all ordered pairs of distinct points involving
12 or 13 except for (12; 13) and (13; 12) occur twice and neither (12; 13) nor (13; 12)
appears in any block. The other order pairs from Z12 occurs in exactly one of the 38
transitively ordered 4-tuples. It is shown in Theorem 1.2 that there exists a minimum
(12; 4; 1)-DCD on Z12 which contains 24 blocks. The above 62 blocks form the desired
(14; 4; 2)-DCD on Z14 with the hole {12; 13}.
Now let (X; {G1; G2; : : : ; Gu}; A) be a (4,)-DGDD of type 12u, which exists by
Lemma 2.3. Add two extra points, say ; , to each group of the DGDD and construct
a (14; 4; )-DCD having DL(14; 4; ) − 1 blocks on Gj ∪ {; } so that {; } is the
hole, for 16j6u− 1. Then put a minimum (14; 4; )-DCD on Gu ∪ {; } to obtain a
minimum (12u+ 2; 4; )-DCD.
Theorem 2.6. Let s ∈ {3; 6; 9} and u¿4 be an integer. Suppose that a minimum
(s+ 2; 4; 2)-DCD exists. Then there exists a minimum (12u+ s+ 2; 4; 2)-DCD.
Proof. Similar to the proof of Theorem 2.5, except that we start with a (4; 2)-DGDD
of type 12us1 which comes from Lemma 2.3.
Theorem 2.7. Let u¿4; or u=0 be an integer. Then there exists a maximum (12u+
6 + 2; 4; 2)-DPD.
Proof. First, we show that there is a (14; 4; 2)-DPD having DU(14; 4; 2) blocks and a
hole of size two, and a maximum (8; 4; 2)-DPD. The 7rst design may be obtained as
follows.
(1) Take a B(4; 2; 13) on Z13 in an increasing order.
(2) Take a maximum (14; 4; 1) packing [4] on Z14 in a decreasing order in which the
ordered pair (13; 12) is not packed.
(3) Take a B(4; 1; 16) on Z16 in a decreasing order. Place the symbols 14 and 15 at the
end of the blocks containing them. Assume that we have the block (13; 12; 14; 15),
delete it, and then replace the symbols 14 and 15 by the symbol 13. Note that the
design is based on Z14 and the hole is {12; 13}.
For the second design, let the point set be Z2×Z4. Then the required 18 blocks are:
((1; 2); (1; 3); (0; 0); (0; 3))
((0; 0); (1; 0); (1; 3); (0; 2))
((1; 1); (0; 1); (0; 0); (1; 3)) mod (−; 4)
((0; 0); (0; 1); (1; 2); (1; 1)) mod (−; 4)
((1; 3 + i); (1; i); (0; i); (0; 1 + i)) (i = 0; 1; 2)
((0; 1 + i); (1; i); (1; 1 + i); (0; 3 + i)) (i = 0; 1; 2)
((j; 3); (j; 2); (j; 1); (j; 0)) (j = 0; 1):
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We now start with a (4,2)-DGDD of type 12u61 and add two extra points to each of
its groups, then we use the technique used in Theorem 2.5 to obtain the result.
3. The Case  = 1
In this section, we deal with the case =1. Unless explicitly stated, we always take
I(v) = {1; 2; : : : ; v} as the point set of the designs. For the existence of BIBDs with
block size 4, our authority is Lemma 1.4. For brevity, we will not mention them here.
Theorem 3.1. For v = 1 or 2 (mod 3); the result come from Theorem 1:1: For
v = 0 (mod 3); we distinguish four cases as follows:
Proof. We distinguish four cases as follows:
Case 1: v ≡ 0 (mod 12). In this case, a maximum (v; 4; 1)-DPD has been shown to
exist for all v¿4 except for v = 36 [11,12]. For v = 36, the required design can be
constructed by taking as point set X = Z2 × Z18 and the following blocks:
((0; 0); (0; 2); (1; 0); (0; 1)) mod (−; 18)
((0; 0); (1; 1); (1; 2); (1; 8)) mod (−; 18)
((0; 5); (0; 2); (1; 15); (0; 0)) mod (−; 18)
((1; 1); (1; 14); (1; 4); (0; 0)) mod (−; 18)
((1; 13); (0; 0); (1; 5); (1; 7)) mod (−; 18)
((0; 0); (0; 10); (1; 14); (0; 4)) mod (−; 18)
((1; 12); (1; 11); (1; 8); (0; 0)) mod (−; 18)
((0; 0); (0; 5); (0; 11); (1; 17)) mod (−; 18)
((1; 5); (1; 16); (0; 0); (1; 3)) mod (−; 18)
((0; 0); (1; 11); (1; 15); (0; 8)) mod (−; 18)
((1; j); (0; j); (1; 9 + j); (0; 9 + j)) (j = 0; 1; : : : ; 8)
((1; 9 + j); (0; j); (0; 7 + j); (0; 3 + j)) (j = 0; 1; : : : ; 8)
((0; 9 + j); (1; j); (0; 16 + j); (0; 12 + j)) (j = 0; 1; : : : ; 8):
Case 2: v ≡ 3 (mod 12). In this case, the construction of a maximum (v; 4; 1)-DPD
is as follows.
(1) Take a maximum (v− 1; 4; 1) packing [4] in an increasing order.
(2) Take a B(4; 1; v+1) in a decreasing order. Place the symbol v+1 at the end of the
blocks in which it occurs and assume that we have the block (v; v−1; v−2; v+1).
Delete this block and then replace v+ 1 by v in all other blocks.
Case 3: v ≡ 6 (mod 12). For v=6, a maximum (6; 4; 1)-DPD is given by the following
4 blocks:
(5; 1; 2; 4) (2; 3; 6; 1) (6; 3; 4; 2) (4; 1; 3; 5)
For other values of v, we proceed as follows.
(1) Take a B(4; 1; v− 2) in an increasing order.
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(2) Take a maximum (v + 2; 4; 1) packing [4] in a decreasing order and place the
symbols v + 1 and v + 2 at the end of each block containing them. Assume that
we have the block (v; v− 1; v+ 1; v+ 2). Delete this block and then replace v+ 2
by v and v+ 1 by v− 1 in all other blocks.
Case 4: v ≡ 9 (mod 12) and v 	= 9. In this case, the construction of a maximum
(v; 4; 1)-DPD is as follows.
(1) Take a maximum (v − 1; 4; 1) packing [4] in a decreasing order and assume that
the ordered pair (v− 4; v− 5) does not appear in any block.
(2) Take a maximum (v + 1; 4; 1) packing with a hole of size 7 [4] in an increasing
order. Assume the hole is {v− 5; v− 4; v− 3; v− 2; v− 1; v; v+ 1}. Now place the
point v+ 1 at the beginning of the blocks and then replace it by v.
(3) To the blocks obtained in (1) and (2), adjoin the following blocks: (v − 5; v;
v− 4; v− 3); (v− 4; v; v− 5; v− 2); (v− 3; v− 2; v− 1; v).
Theorem 3.2. For all integers v¿4; there exists a minimum (v; 4; 1)-DCD.
Proof. For v ≡ 0 or 1 (mod 3); the result was established in Theorem 1.2. For
v≡ 2 (mod 3), as we did above, we distinguish four cases.
Case 1: v≡ 2 (mod 12). By Theorem 2.5, it suPces to construct a minimum
(v; 4; 1)-DCD for each value of v ∈ {14; 26; 38}.
For v = 14, we take a B(4; 1; 13) in a decreasing order. Furthermore, we take the
following 19 blocks:
(1; 4; 5; 6) (14; 1; 8; 9) (1; 10; 11; 12) (1; 7; 13; 14)
(14; 2; 4; 5) (2; 6; 7; 11) (2; 8; 12; 13) (2; 9; 10; 14)
(3; 4; 10; 13) (3; 5; 12; 14) (3; 6; 8; 9) (14; 3; 7; 11)
(4; 8; 11; 14) (4; 7; 9; 12) (5; 7; 8; 10) (5; 9; 11; 13)
(6; 14; 7; 10) (14; 6; 12; 13) (1; 2; 3; 10)
For v= 26 and 38, the construction is in two steps:
(1) Take a B(4; 1; v − 1) in an increasing order. Without loss of generality, we may
assume we have the block (1; 2; v−2; v−1). Replace this block by (1; 2; v−1; v−2).
(2) Take a minimum (v + 1; 4; 1) covering [7] in a decreasing order. Place the point
v + 1 at the end of the blocks in which it occurs and assume that we have the
block (v; v − 1; v − 2; v + 1) where the ordered pairs (v; v − 2) and (v − 1; v + 1)
appears one more time. Replace this block by (v − 2; v; v − 1; x) where x is any
positive integer less than v, and in all other blocks replace v+ 1 by v.
Case 2: v ≡ 5 (mod 12). A minimum (5; 4; 1)-DCD was constructed in [12]. For the
other values of v (v 	= 17), the construction is as follows.
(1) Take a minimum (v + 2; 4; 1) covering [8] in an increasing order. According to
the construction of this design we may assume that the pair (v − 1; v) occurs in
exactly four blocks, while each other pair occurs exactly once. Place the points
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v+ 1 and v+ 2 at the beginning of the blocks and assume that we have the two
blocks (1; 2; v − 1; v) and (v + 2; v + 1; v − 1; v). Delete these two blocks and in
all other blocks change v + 1 to v − 1 and v + 2 to v, and add one more block
(1; 2; v; v− 1).
(2) Take a minimum (v− 2; 4; 1) covering [7] in a decreasing order.
The above method does not work for v = 17, since there is no minimum (19,4,1)
covering. For v= 17, the design can be constructed as follows.
(1) Take a B(4; 1; 16) in a decreasing order.
(2) Take the blocks of the minimum (18,4,1) covering [7, p. 67]. This design has
the block {1; 2; 3; 4} in which the pairs {1; 2} and {3; 4} occur in exactly two
blocks while {2; 4} appears in exactly one block. We apply the permutation  =
(1; 6)(2; 17)(3; 5)(4; 18) to the points of this design so that it contains the block
{5; 6; 17; 18} where the pairs {5; 18} and {6; 17} appear exactly twice in the blocks.
After applying such a permutation, we order the elements in the blocks in an
increasing order and then place 18 at the begining of the blocks in which it occurs.
Finally, replace (18,5,6,17) by (5; 6; 17; x) where x is a positive integer less than
17 and in all other blocks containing 18 replace 18 by 17.
Case 3: v ≡ 8 (mod 12). For v=8 or 20, the design was constructed in [12,13]. For
the other value of v, the procedure is the same as the above case.
Case 4: v ≡ 11 (mod 12). For v=11, let the point set be Z10∪{∞}. Then a minimum
(11, 4,1)-DCD consists of the following 20 blocks:
(0; 1; 5; 3) (mod 10) (4;∞; 1; 0) (mod 10)
For v¿23, the construction is as follows.
(1) Take a minimum (v − 1; 4; 1) covering [8] in an increasing order. According to
the construction of this design, assume that we have the block (1; 2; v − 2; v − 1)
where the pair (v − 2; v − 1) occurs in exactly four blocks, while each other pair
occurs exactly once. Delete this block.
(2) Take a minimum (v+1; 4; 1) covering [7] in a decreasing order and place the point
v+ 1 at the end of the blocks in which it appears. Without loss of generality, we
may assume that we have the block (v; 2; 1; v+1) and the pair (v; v+1) does not
appear in any other block. Delete this block, and in all other blocks change v+ 1
to v.
(3) Take two more blocks: (1; 2; v− 1; v) and (v; 2; 1; v− 2).
We give now our main result for this section.
Theorem 3.3. For all integers v¿4; DC(v; 4; 1) = DL(v; 4; 1) and DD(v; 4; 1) =
DU(v; 4; 1) except DD(9; 4; 1) = DU(9; 4; 1)− 1.
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Proof. From [5], we have DD(9; 4; 1)6DU(9; 4; 1) − 1. The following DU(9; 4; 1) −
1 = 10 blocks form a (9,4,1)-DPD:
(9; 8; 7; 6) (6; 1; 7; 2) (8; 2; 3; 9) (6; 3; 8; 4) (9; 1; 4; 3)
(7; 4; 5; 9) (1; 6; 9; 5) (4; 2; 1; 8) (5; 3; 2; 6) (2; 5; 4; 7)
Thus, DD(9; 4; 1) =DU(9; 4; 1)− 1. For the other cases, the conclusion follows imme-
diately from the bound (1) and Theorems 3.1 and 3.2.
4. The case  = 2
In this section, we determine the values of DD(v; 4; 2) and DC(v; 4; 2). Similar
to preceding proofs, the result is obtained by constructing maximum DPDs or
minimum DCDs. If a DB(4; 2; v) exists, it is both a maximum (v; 4; 2)-DPD and a
minimum(v; 4; 2)-DCD. Thus by Lemma 2.2 we need only to consider the cases where
v ≡ 0 or 2 (mod 3).
Lemma 4.1. Let v ≡ 2 (mod 3) and v¿4. Then DD(v; 4; 2) = DU(v; 4; 2).
Proof. The proof of this lemma consists of the following cases.
Case 1: v ≡ 2 (mod 12). In this case, the construction is as follows.
(1) Take a B(4; 2; v− 1) in an increasing order.
(2) Take a maximum (v; 4; 1) packing [4] in a decreasing order.
(3) Take a B(4; 1; v + 2) in a decreasing order. Place the points v + 2 and v + 1 at
the end of the blocks in which they occur and assume that we have the block
(v; v− 1; v+ 1; v+ 2). Delete this block and in all other blocks replace v+ 2 and
v+ 1 by v.
Case 2: v ≡ 5 (mod 12). In this case, the construction is as follows.
(1) Take a DB(4; 1; v− 1).
(2) Take the maximum (v + 1; 4; 1)-DPD given in Theorem 3.1. We observe that in
this construction the pairs (v; v+ 1) and (v+ 1; v) do not occur in any block. We
then replace v+ 1 by v in the blocks in which it occurs.
Case 3: v ≡ 8 (mod 12). From Theorem 2.7, it remains the case where v ∈ {20; 32; 44}
to be tackled. Below are the required direct constructions where we take Zv as the point
set.
v= 20:
(0; 1; 2; 4) (mod 20) (0; 3; 7; 12) (mod 20)
(0; 13; 10; 9) (mod 20) (0; 17; 12; 11) (mod 20)
(0; 8; 16; 14) (mod 20)
(i; 5 + i; 11 + i; 18 + i) (i = 0; 1; : : : ; 14)
(j; 15 + j; 6 + j; 13 + j) (j = 0; 1; 2; 3; 4)
(15 + j; 10 + j; 5 + j; j) (j = 0; 1; 2; 3; 4) :
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v= 32:
(0; 1; 2; 4) (mod 32) (0; 5; 11; 17) (mod 32)
(0; 3; 7; 12) (mod 32) (0; 9; 19; 29) (mod 32)
(0; 11; 26; 24) (mod 32) (0; 13; 31; 27) (mod 32)
(0; 25; 19; 14) (mod 32) (0; 28; 18; 17) (mod 32)
(0; 29; 22; 20) (mod 32)
(24 + j; 16 + j; 8 + j; j) (j = 0; 1; : : : ; 7)
(17 + j; j; 24 + j; 8 + j) (j = 0; 1; : : : ; 7)
(25 + i; i; 8 + i; 16 + i) (i = 0; 1; : : : ; 23) :
v= 44:
(0; 1; 2; 4) (mod 44) (0; 3; 7; 12) (mod 44)
(0; 5; 11; 17) (mod 44) (0; 7; 15; 23) (mod 44)
(0; 9; 19; 29) (mod 44) (0; 14; 28; 43) (mod 44)
(0; 16; 34; 33) (mod 44) (0; 18; 40; 38) (mod 44)
(0; 30; 23; 21) (mod 44) (0; 32; 27; 19) (mod 44)
(0; 36; 27; 24) (mod 44) (0; 38; 28; 25) (mod 44)
(0; 39; 25; 21) (mod 44)
(33 + j; 22 + j; 11 + j; j) (j = 0; 1; : : : ; 10)
(j; 33 + j; 13 + j; 26 + j) (j = 0; 1; : : : ; 10)
(i; 11 + i; 24 + i; 37 + i) (i = 0; 1; : : : ; 32) :
Case 4: v ≡ 11 (mod 12). In this case the construction is as follows.
(1) Take a DB(4; 1; v− 1).
(2) Take a maximum (v + 1; 4; 1)-DPD. Without loss of generality, we may assume
that the pair (v; v+ 1) appears in zero blocks, and hence (v+ 1; v) must occur in
a certain block. Delete the block that contains the pair (v + 1; v) and in all other
blocks change v+ 1 to v.
Lemma 4.2. Let v ≡ 0 (mod 3) and v¿4. Then DD(v; 4; 2) = DU(v; 4; 2).
Proof. For v= 6, let the point set be Z2 × Z3. Then the required blocks are
((0; 0); (0; 1); (1; 1); (1; 2)) mod (−; 3)
((0; 0); (1; 2); (1; 0); (0; 1)) mod (−; 3)
((1; 1); (1; 0); (0; 1); (0; 0)) mod (−; 3)
For v= 9, let the point set be Z2 × Z4 ∪ {∞}. Then the required blocks are
((0; 0); (1; 1); (0; 1); (1; 3)) mod (−; 4)
((1; 1); (0; 0); (0; 2); (1; 0)) mod (−; 4)
((1; 0); (0; 0); (1; 1); (0; 3)) mod (−; 4)
((1; 3); (0; 0);∞; (0; 1)) mod (−; 4)
((0; 0); (1; 0);∞; (1; 3)) mod (−; 4)
(∞; (0; 2); (0; 1); (0; 0))
(∞; (1; 0); (1; 1); (1; 2))
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For the cases v ≡ 0 or 9 (mod 12) and v 	= 9, a maximum (v; 4; 2)-DPD is obtained
by taking two copies of a maximum (v; 4; 1)-DPD.
For the case v ≡ 3 (mod 12), we proceed as follows.
(1) Take a maximum (v − 1; 4; 1) packing [4] and write its blocks twice — once in
some order and the other in the reverse order. And we may assume that we have
the block (v− 1; v− 2; 12; 11) and then replace it by the block (v− 1; v− 2; v; 12).
(2) Take a B(4; 1; v + 1) in a decreasing order and assume that we have the block
(v+ 1; v; 12; 11). Delete this block and in all other blocks change v+ 1 to v.
(3) Again take a B(4; 1; v+1) in an increasing order. Assume that we have the block
(v− 2; v− 1; v; v+ 1). Now change v+ 1 to 11 in this block and change v+ 1 to
v in all other blocks.
For the case v ≡ 6 (mod 12) and v 	= 6, a maximum (v; 4; 2)-DPD can be constructed
as follows.
(1) Take a DB(4; 1; v− 2).
(2) Take a maximum (v+ 2; 4; 1) packing [4] in an increasing order and assume that
we have the block (v− 1; v; v+ 1; v+ 2). Delete this distinguished block and then
replace v+ 2 and v+ 1 by v and v− 1, respectively.
(3) Take a maximum (v+2; 4; 1) packing [4] in a decreasing order. Close observation
of this design shows that we may assume that the pairs (v+2; v) and (v+1; v−1)
appears in zero blocks. Now change v+2 to v and change v+1 to v− 1. Finally,
assume that we have the block (v; v− 1; x; y) and replace it by (v− 1; v; x; y).
Lemma 4.3. Let v ≡ 2 (mod 3) and v¿4. Then DC(v; 4; 2) = DL(v; 4; 2):
Proof. When v ≡ 5 or 8 (mod 12), a minimum (v; 4; 2)-DCD is obtained by taking two
copies of a minimum (v; 4; 1)-DCD.
For the cases v ≡ 2 or 11 (mod 12), applying Theorems 2.5 and 2.6 we need only to
deal with the cases where v ∈ {14; 26; 38; 11; 23; 35; 47}. Below are the required direct
constructions for v ∈ {14; 26; 38} where we take Zv as the point set.
v= 14:
(0; 1; 12; 6) (mod 14) (0; 11; 12; 1) (mod 14)
(0; 13; 5; 9) (mod 14) (0; 3; 2; 10) (mod 14)
(i; 7 + i; 9 + i; 2 + i) (i = 0; 1; : : : ; 4)
(5 + j; 12 + j; 7 + j; j) (j = 0; 1)
v= 26:
(0; 1; 2; 4) (mod 26) (0; 3; 7; 12) (mod 26)
(0; 6; 12; 19) (mod 26) (0; 8; 16; 25) (mod 26)
(0; 10; 25; 20) (mod 26) (0; 17; 15; 11) (mod 26)
(0; 21; 18; 14) (mod 26) (0; 24; 14; 11) (mod 26)
(i; 13 + i; 18 + i; 5 + i) (i = 0; 1; : : : ; 7)
(8 + j; 21 + j; 13 + j; j) (j = 0; 1; : : : ; 4)
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v= 38:
(0; 1; 3; 7) (mod 38) (0; 5; 13; 22) (mod 38)
(0; 10; 21; 35) (mod 38) (0; 15; 31; 27) (mod 38)
(0; 26; 20; 18) (mod 38) (0; 33; 24; 23) (mod 38)
(0; 1; 3; 9) (mod 38) (0; 4; 14; 19) (mod 38)
(0; 11; 27; 23) (mod 38) (0; 20; 33; 17) (mod 38)
(0; 30; 28; 21) (mod 38) (0; 37; 24; 18) (mod 38)
(i; 19 + i; 26 + i; 7 + i) (i = 0; 1; : : : ; 11)
(12 + j; 31 + j; 19 + j; j) (j = 0; 1; : : : ; 6)
For v ∈ {11; 23}, let the point set be Zv−1 ∪ {∞}. Then the required blocks are
v= 11:
(4; 9; 5; 0)
(0;∞; 1; 3) (mod 10) (0; 8; 2; 7) (mod 10)
(0; 6; 4; 3) (mod 10)
(i; 5 + i; 6 + i; 1 + i) (i = 0; 1; 2; 3)
(3j; 1 + 3j; 2 + 3j;∞) (j = 0; 1; 2; 3)
v= 23:
(0;∞; 2; 1) (mod 22) (0; 2; 6; 9) (mod 22)
(0; 14; 4; 11) (mod 22) (0; 10; 16; 9) (mod 22)
(0; 8; 20; 13) (mod 22) (0; 10; 13; 8) (mod 22)
(0; 18; 19; 14) (mod 22)
(i; 11 + i; 16 + i; 5 + i) (i = 0; 1; : : : ; 5)
(6 + j; 17 + j; 11 + j; j) (j = 0; 1; : : : ; 4)
(3k; 1 + 3k; 2 + 3k;∞) (k = 0; 1; : : : ; 7)
For v ∈ {35; 47}, a maximum (v; 4; 2)-DCD can be obtained as follows.
(1) Take a B(4; 2; v−1) in a decreasing order. Assume that this design has the disjoint
blocks (v− 2; v− 3; 2; 1) and (v− 1; v− 4; 4; 3), which we replace by (v; v− 3; 2; 1)
and (v; v− 4; 4; 3) respectively.
(2) Take two copies of a minimum (v + 1; 4; 1) covering [7] in an increasing order.
Close observation of this design shows that there are two pairs that appear in at
least three blocks. We permute the points of this design so that:
(a) the pairs (v− 3; v− 2) and (v− 4; v− 1) occur in at least three blocks;
(b) the pair (v; v+ 1) appears in exactly two blocks;
(c) the design has blocks (1; 2; v; v + 1) , (3; 4; v; v + 1), (x; y; v − 3; v − 2) and
(s; t; v− 4; v− 1).
Now replace the blocks (1; 2; v; v + 1) and (3; 4; v; v + 1) by (v − 2; 1; 2; v) and
(v − 1; 3; 4; v) respectively, and replace the blocks (x; y; v − 3; v − 2) and
(s; t; v − 4; v − 1) by the blocks (x; y; v − 2; v − 3) and (s; t; v − 1; v − 4), respectively.
Finally, place the point v + 1 at the begining of other blocks in which it occurs and
replace it by v.
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Lemma 4.4. Let v ≡ 0 (mod 3) and v¿4. Then DC(v; 4; 2) = DL(v; 4; 2).
Proof. The proof of this lemma consists of the following cases.
Case 1: v ≡ 0 (mod 12). In view of Theorem 2.4, it suPces to construct a minimum
(v; 4; 2)-DCD for each value of v ∈ {24; 36}. Below are the required direct constructions
for these two values of v where we take Zv as the point set.
v= 24:
(0; 2; 1; 13) (mod 24) (0; 21; 14; 6) (mod 24)
(0; 21; 8; 4) (mod 24) (11; 0; 9; 19) (mod 24)
(0; 17; 20; 22) (mod 24) (0; 3; 4; 18) (mod 24)
(19 + i; 18 + i; i; 10 + i) (i = 0; 1; : : : ; 5)
(1 + j; 6 + j; j; 16 + j) (j = 0; 1; : : : ; 17)
(k; 6 + k; 12 + k; 18 + k) (k = 0; 1; : : : ; 5)
(t; 12 + t; 19 + t; 7 + t) (t = 0; 1; : : : ; 4)
(5 + s; 17 + s; 12 + s; s) (s= 0; 1; : : : ; 6)
v= 36:
(0; 7; 3; 18) (mod 36) (0; 30; 31; 27) (mod 36)
(0; 35; 23; 25) (mod 36) (0; 1; 20; 22) (mod 36)
(0; 6; 17; 14) (mod 36) (0; 4; 12; 17) (mod 36)
(0; 14; 34; 29) (mod 36) (0; 34; 5; 24) (mod 36)
(0; 35; 22; 28) (mod 36) (0; 16; 25; 10) (mod 36)
(23 + i; 27 + i; i; 3 + i) (i = 0; 1; : : : ; 8)
(32 + j; 9 + j; j; 12 + j) (j = 0; 1; : : : ; 26)
(k; 9 + k; 18 + k; 27 + k) (k = 0; 1; : : : ; 8)
(t; 18 + t; 28 + t; 10 + t) (t = 0; 1; : : : ; 7)
(8 + s; 26 + s; 18 + s; s) (s= 0; 1; : : : ; 9)
Case 2: v ≡ 3 (mod 12). In this case, the construction is as follows.
(1) Take a B(4; 1; v + 1) in a decreasing order and assume that we have the block
(v+ 1; v; y; x). Delete this block and in all other blocks replace v+ 1 by v.
(2) Take again a B(4; 1; v+1) in an increasing order with the assumption that we have
the block (x; y; v − 1; v + 1), delete this block and in all other blocks containing
v+ 1 replace v+ 1 by v− 1.
(3) Take a B(4; 1; v− 2) in a decreasing order.
(4) Take a minimum (v; 4; 1) covering [7] in an increasing order, then place the point
v− 1 at the beginning of each block.
(5) Take two more blocks: (v; y; x; v− 1); (v; x; y; v− 1).
Case 3: v ≡ 6 (mod 12). For v= 6, let the point set be Z6. Then the blocks are
(0; 1; 2; 3) (0; 1; 5; 4) (0; 3; 4; 2) (1; 0; 5; 3)
(1; 4; 3; 0) (4; 5; 2; 0) (2; 3; 5; 0) (3; 5; 1; 2)
(2; 3; 4; 1) (2; 4; 5; 1) (5; 4; 3; 1)
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For v= 18, let the point set be Z16 ∪ {∞1;∞2}. Then the required blocks are
(0; 1; 8; 11) (mod 16) (0; 2; 7; 13) (mod 16)
(0; 3; 9; 5) (mod 16) (0; 4; 13; 12) (mod 16)
(0; 10;∞1; 14) (mod 16) (0; 1;∞2; 15) (mod 16)
(∞1;∞2; i; 8 + i) (i = 0; 1; 2; 3)
(∞2;∞1; j; 8 + j) (i = 4; 5; 6; 7):
For v¿30, the construction is as follows.
(1) Take the minimum (v − 1; 4; 2) covering in [2]. Close observation of this design
shows that we may permute the points so that we have two disjoint blocks, say
(1; 2; 5; 9) and (3; 4; 6; 10), such that (5; 9) and (6; 10) occur in at least three blocks.
We then delete these two blocks and arrange the elements of the other blocks in
an increasing order.
(2) Take two copies of a B(4; 1; v+1) with a hole of size 7 [4] in a decreasing order
and place the point v + 1 at the end of the blocks in which it occurs. Fill in the
hole by a B(4; 2; 7) in a decreasing order. Further, we permute the points of the
two designs so that we have the blocks (v; 2; 1; v + 1) and (v; 4; 3; v + 1). Delete
these two blocks and replace v+ 1 by v in the other blocks containing v+ 1.
(3) Add four more blocks: (1; 2; v; 9); (3; 4; v; 10); (v; 2; 1; 5), and (v; 4; 3; 6).
Case 4: v ≡ 9(mod 12). In this case, we can employ the procedure similar to the
above to obtain the desired minimum (v; 4; 2)-DCDs.
The results of Lemmas 2.2 and 4.1–4.4 can be summarized in the following theorem.
Theorem 4.5. For any integer v¿4; we have DD(v; 4; 2) = DU(v; 4; 2) and
DC(v; 4; 2) = DL(v; 4; 2).
5. Proof of Theorem 1:3
For  = 1 or 2, the result was shown in Theorems 3.3 and 4.5. For  = 3n, a
DB(4; ; v) exists by Lemma 2.2 and hence the conclusion holds. For the case of
¿ 3 and  ≡ e (mod 3), we write =3n+ e, where n is a positive integer and e=1
or 2. A minimum (v; 4; )-DCD can be found by taking a DB(4; 3n; v) and a minimum
(v; 4; e)-DCD. Similarly, we can obtain a maximum (v; 4; )-DPD, except when v = 9
and  ≡ 1(mod 3). In the case of v = 9, ¿ 3 and  ≡ 1(mod 3), we construct a
maximum (9; 4; 4)-DPD by taking the point set to be Z2×Z4 ∪{∞} and the following
47 blocks:
((1; 1); (0; 0); (0; 1); (1; 3)) mod (−; 4)
((0; 0); (1; 3); (1; 0); (0; 1)) mod (−; 4)
((0; 0); (1; 0); (1; 1); (1; 3)) mod (−; 4)
((0; 0); (1; 2); (0; 2); (0; 1)) mod (−; 4)
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((0; 2); (0; 1); (0; 0);∞) mod (−; 4)
((1; 1);∞; (0; 0); (1; 3)) mod (−; 4)
((1; 0);∞; (0; 0); (1; 1)) mod (−; 4)
((1; 3);∞; (0; 0); (1; 2)) mod (−; 4)
((1; 1);∞; (0; 0); (1; 0)) mod (−; 4)
((1; 3 + j); (0; j); (0; 1 + j); (1; 2 + j)) (j = 0; 1; 2)
((1; 2 + j); (0; j); (1; j); (0; 2 + j)) (j = 0; 1)
((1; j); (0; j); (1; 1 + j); (0; 2 + j)) (j = 0; 1)
((0; j); (1; j); (1; 1 + j); (0; 2 + j)) (j = 2; 3)
((0; 3); (0; 2); (0; 1); (0; 0))
((1; 2); (0; 0); (0; 3); (1; 1))
Now combining a DB(4; 3n; 9) with the maximum (9; 4; 4)-DPD yields a maximum
(9; 4; )-DPD where ¿ 4 and = 3n+ 4. This completes the proof of Theorem 1.3.
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